ABSTRACT. The second Zagreb index is defined as the sum of the products of the degrees of adjacent vertices. In this note, we examine the second Zagreb indices of some derived graphs and find expressions for these in terms of vertex degrees.
Introduction
In the previous paper [1] we have examined the Zagreb indices and coindices of several transformation graphs. There the relevance of such graphs for chemical applications was explained in due detail. In Ref. [1] also the basic facts on Zagreb indices and coindices were given, and appropriate literature sources for these topological indices quoted.
In this note we use the same notation and definitions as in [1, 6] , and will therefore not repeat all their details.
Thus, by G is denoted a simple (molecular) graph with vertex set V (G) , |V (G)| = n (= the order of G) and edge set E(G) , |E(G)| = m (= the size of G). If u and v are two adjacent vertices of G, then we write u ∼ v; the edge connecting these vertices will be denoted by uv.
The degree of a vertex v ∈ V (G) is the number of vertices adjacent to v in G. It will be denoted by d G (v). The degree of an edge e = uv in G, denoted by d G (e), is
The complement of the graph G, denoted by G, is the graph with vertex V (G), in which two vertices are adjacent if and only if they are not adjacent in G. Thus the size of G is
The first and second Zagreb indices are defined as
respectively. The first Zagreb index can also expressed as [3]
Došlić [2] has recently conceived the first and second Zagreb coindices as
respectively.
The vertex-degree-based graph invariant
was encountered in the paper [7] , published in the 1970s, but was eventually completely ignored. Only quite recently there has been some interest to F [5, 6] . For understandable reasons the name forgotten topological index was proposed for the F -index [5] . It is easy to show that [4, 5] 
In the recent paper [6] , several types of graph have been examined, which are derived from a parent graph G. These were the line graph L = L(G), the subdivision graph S = S(G), the edge-semitotal graph T 1 = T 1 (G), the vertex-semitotal graph In what follows, in the considered derived graphs, the vertices of the derived graph corresponding to vertices of the parent graph (in Fig. 1 indicated by circles) will be referred to as γ-vertices. The vertices of the derived graph corresponding to edges of the parent graph (in Fig. 1 indicated by squares) will be referred to as λ-vertices [6] .
In Ref. [6] expressions were derived for the first Zagreb indices of the above derived graphs: Theorem 1.1. Let G be a graph of order n and size m. Then
In Ref. [6] , analogous expressions for the second Zagreb index have not been determined, and this remained a task for the future. We now fill this gap, and provide the missing expressions for the second Zagreb index.
The following relations are well known, see [6] and the references cited therein. Theorem 1.2. Let G be a graph of order n and size m. Then 
Second Zagreb index of some derived graphs
In order to determine the expression for the second Zagreb index of the line graph, we need to introduce a few auxiliary degree-based indices.
Let G be a (molecular) graph, and let u, v, and w be its three vertices forming a path of length two. In other words, u ∼ v and v ∼ w. Then we define three auxiliary Zagreb-type indices as follows:
with summation going over all paths of length two, contained in the graph G.
Theorem 2.1. Let G be a graph of order n and size m. Then
Proof. Note that L has m vertices and
The edge e = uv of the graph G is incident to
From Equations (1), (2) and (3), we get the expression (4) Theorem 2.2. Let G be a graph of order n and size m. Then M 2 (S) = 2M 1 (G).
Proof. In the subdivision graph
S (e i ) = 2 and S has n + m vertices and 2m edges. Therefore,
where u is a γ-vertex and v is a λ-vertex. Further,
We now find expressions for the second Zagreb indices of T 1 and T using reformulated Zagreb indices.
Milićević et al. [8] reformulated the Zagreb indices in terms of edge-degrees instead of vertex-degrees. The first and second reformulated Zagreb indices are defined respectively as
In the case of Zagreb indices, the transformation G → L(G) yields the reformulated Zagreb indices. Thus the original and the reformulated Zagreb indices are related as
This is one way of expressing M 2 (L(G)) in terms of edge-degrees.
Theorem 2.3. Let G be a graph of order n and size m. Then
Proof. In the edge-semitotal graph T 1 , we have
and Eq. (5) follows.
The expression for the second Zagreb index of the vertex-semitotal graph T 2 was obtained in [1] . We nevertheless state it for the sake of completeness:
Theorem 2.4.
[1] Let G be a graph of order n and size m. Then
Theorem 2.5. Let G be a graph of order n and size m. Then
Proof. In the total graph T , we have
and Eq. (6) follows.
Theorem 2.6. Let G be a graph of order n and size m with p pendent vertices. Then
Proof. The paraline graph P L of the graph G has 2m vertices, and the interesting property that d G (u) of its vertices have the same degree as the vertex u of the parent graph G. Bearing this in mind, we have
and Eq. (7) follows.
